
Strain energy of cells on patterns depend only on

the change of pattern area

1 Introduction

In this protocol I am going to go through most of the calculation steps needed for the analysis of
cells, placed on deformable patterns. The idea of this technique origins from Ajinka Ghagre et al (doi:
https://doi.org/10.1021/acsam.1c02987 ), where they showed that it is possible to calculate the
strain energy of a cell, by measuring the deformation of a underlying pattern without using fluorescent
beads, as one would need in traction force microscopy. However, they only use Cartesian coordinates
and propose an approximation on how the change in area correlates with the strain energy of cells.
We wanted to further advance this technique by transforming the Problem in polar coordinates. There
we can calculate the strain energy depending only on the change of the radius of a circle, which then
allows us to directly calculate the change of area, resulting on a formula that puts strain energy and
area together.

2 Background

As the authors state, most of this and the following section will be taken from ”Theory of elasticity 3rd

Edition” from Landau and Lifshitz. In section 4 I will start to display what we added to the technique
and how we proceeded in polar coordinates.

We start with defining our displacement vector:

u⃗ =

 ux
uy
uz

 = uxe⃗x + uy e⃗y + uz e⃗z (1)

Which involves the position of each point after and before displacement

ui = x′ − x

Definition: Strain Tensor uik

uik =
1

2

(
∂ui
∂xk

+
∂uk
∂xi

+
∂ul
∂xi

· ∂ul
∂xk

)
(2)

Where:

• i, k, l ∈ 1, 2, 3

• x1 = x, x2 = y and x3 = z

•
∑3

i=1 ai · bi = ai · bi (Einstein Notation)

Definition: Stress Tensor σik∮
σikdfk =

∫
∂σik
∂xk

dV =

∫
FidV | Fi =

∂σik
∂xk

(3)
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If we want to display the stress tensor in terms of the strain tensor it will look like this:

σik =
E

1 + σ

(
uik +

σ

1− 2σ
ullδik

)
(4)

With:

• E = Young’s Modulus

• σ = Poisson ratio

• δik = 1 if i = k, δik = 0 else

Assuming that at equilibrium there are no internal forces (e.g. the sum of all forces is zero) and
ignoring gravity, we can say:

F⃗i =
∂σik
∂xk

= 0 (5)

Using the relationship between σik and uik we get:

∂σik
∂xk

=
Eσ

(a+ σ)(1− 2σ)

∂ull
∂xi

+
E

1 + σ

∂uik
∂xk

(6)

Using also:

uik =
1

2

 ∂ui
∂xk

+
∂uk
∂xi

+
∂ul
∂xk

∂ul
∂xi︸ ︷︷ ︸

=0, as we assume small deformations

 (7)

All together we have:

E

2 · (1 + σ)

∂2

u i
∂x2k +

E

2 · (1 + σ) · (1− 2σ)

∂2ul
∂xi∂xl

= 0 (8)

Rearranging that equation and using the following equations leaves us with a homogeneous partial
differential equation

∂2ui
∂x2k

= ∆u⃗ ,
∂ul
∂xl

= ∇⃗ · u⃗ (9)

(1− 2σ)∆u⃗+ ∇⃗(∇⃗ · u⃗) = 0 (10)

3 Solving the PDE

In our case we have to deal with the following form of the PDE

(1− 2σ)∆u⃗+ ∇⃗(∇⃗ · u⃗) = 0 (11)

The right hand side becomes zero as we do not have any intrinsic forces on the body itself, but there are
forces applied to the body from the outside that appear in the solution via the boundary conditions.
Our solution to the problem will be in the form of

u⃗ = f⃗ + ∇⃗ϕ (12)

where f⃗ satisfies Laplace’s equation
∆f⃗ = 0
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and ϕ is some scalar.
If we now substitute (12) into out PDE (11) we obtain:

2(1− ϕ)∆ϕ = −∇⃗ · f⃗ (13)

Imagine we only have an elastic plane in the xy plane. That means we can write the x and y components
of f⃗ in the following way:

fx =
∂gx
∂z

and fy =
∂gy
∂z

(14)

Since f⃗ is a harmonic function (meaning it does satisfy the Laplace equation) also its components
fx, fy do satisfy Laplace equation, and therefore also the functions gx, gy:

∆gx = ∆gy = 0 (15)

If we put all of this in our equation (13) we obtain:

∆ϕ = − 1

2(1− σ)

∂

∂z

(
∂gx
∂x

+
∂gy
∂y

+ fz

)
(16)

As gx, gy, fz are harmonic functions we can rewrite this equation introducing another harmonic function
ψ:

ϕ = − z

4(1− σ)

(
∂gx
∂x

+
∂gy
∂y

+ fz

)
+ ψ (17)

With this the problem reduces to finding the functions gx, gy, fz, ψ which all are harmonic functions
that satisfy Laplace equation.

Introducing boundary conditions
As we have a free surface in the xy plane, its corresponding normal vector (surface vector) is in negative
z direction. Remembering that

σik · nk = Pi

where Pi denotes the force (pressure) exerted in i direction.
We do no see that in our case we have

Px = −σxz
Py = −σyz
Pz = −σzz

If we now use the form of our stress tensor from (4) and express the components of the displacement
vector u⃗ in terms of the quantities fz, gx, gy, ψ we can obtain the following boundary conditions[

∂2gx
∂z2

]
z=0

+

[
∂

∂x

{
1− 2σ

2(1− σ)
fz −

1

2(1− σ)

(
∂gx
∂x

+
∂gy
∂y

)
+ 2

∂ψ

∂z

}]
Z=0

= −2(1 + σ)
Px

E
(18)

[
∂2gy
∂z2

]
z=0

+

[
∂

∂y

{
1− 2σ

2(1− σ)
fz −

1

2(1− σ)

(
∂gx
∂x

+
∂gy
∂y

)
+ 2

∂ψ

∂z

}]
z=0

= −2(1 + σ)
Py

E
(19)

[
∂

∂z

{
fz −

(
∂gx
∂x

+
∂gy
∂y

)
+ 2

∂ψ

∂z

}]
z=0

= −2(1 + σ)
Pz

E
(20)
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Since we have four unknown variable but only three equations to determine them, we can introduce
another condition. the authors of ”Theory of elasticity 3rd Edition” take the following condition, saying
it is proven by the absence of any contradiction in the end result.

(1− 2σ)fz −
(
∂gx
∂x

+
∂gy
∂y

)
+ 4(1− σ)

∂ψ

∂z
= 0 (21)

With this additional condition our equations (18) and (19) become[
∂2gx
∂z2

]
z=0

= −2(1 + σ)

E
Px (22)

[
∂2gy
∂z2

]
z=0

= −2(1 + σ)

E
Py (23)

Having those equations is all we need to determine the harmonic functions fz, gx, gy, ψ
We also do knwo that harmonic functions that disappear at infinity and have a normal derivative at
z = 0 are given by the following formula:

h(x, y, z) = − 1

2π

∫ ∫ [
∂h(x′, y′, z)

∂z

]
z=0

1

r
dx′dy′ (24)

where r =
√
(x− x′)2 + (y − y′)2 + z2

If we now seek to calculate all of the components of the vector u⃗ with regard to the set boundary
conditions and setting z = 0 we get:

ux =
1 + σ

2πEr

(
− (1− 2σ)x

r
Fz + 2(1− σ)Fx +

2σx

r2
(xFx + yFy)

)
(25)

uy =
1 + σ

2πEr

(
− (1− 2σ)y

r
Fz + 2(1− σ)Fy +

2σy

r2
(xFx + yFy)

)
(26)

uz =
1 + σ

2πEr

(
2(1− σ)Fz + (1− 2σ)

1

r
(xFx + yFy)

)
(27)

Definition: Green Tensor Gik

To solve PDE one can use Green’s function which is defined in a way that when put into the PDE,
the outcome will be the Dirac delta function:

L :=L

(
d

dt

)
=

N∑
k=1

ak(t)
dk

dtk

Ly =f

LG(t) =δ(t)

y(t) =(G ∗ f)(t) =
∫
G(t− t′) · f(t′)dt′

Ly(t) =

∫
LG(t− t′)f(t′)dt′ =

∫
δ(t− t′)f(t′)dt′ = f(t)
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So by using Green’s idea we can solve our initial PDE by rewriting u⃗ the following way:

u⃗ = Gik ∗ F⃗ (28)

Where Gik is the Green Tensor.
We can extract the Green tensor fro our previous set of equations for the displacement vector u⃗:

G =
1 + σ

2πEr


2(1− σ) + 2σx2

r2
2σxy
r2 − (1−σ)x

r

2σxy
r2 2(1− σ) + 2σy2

r2 − (1−σ)y
r

1−2σ
r x 1−σ

r y 2(1− σ)


As we are only interested in the deformation in x-y direction, we can neglect all components regarding
z, leaving us with:

G =
1 + σ

2πEr

 2(1− σ) + 2σx2

r2
2σxy
r2

2σxy
r2 2(1− σ) + 2σy2

r2

 (29)

In our case we usually obtain the displacement fields and are interested in the force that was necessary
to deform our plane in such a way. For this, we need to inverse equation (28), which is difficult, as we
do not have a simple Matrix multiplication but a convolution of a matrix and a vector.
To facilitate this, we can perform a Fourier transformation so that the convolution would change into a
multiplication, which we easily can inverse. Afterwards performing the inverse Fourier transformation
results in an equation we can use to calculate the forces that were needed for our observed displacement

u⃗ = G ∗ F⃗ Fourier → ˆ⃗u = Ĝ · ˆ⃗F Inverting → ˆ⃗
F = Ĝ−1 · ˆ⃗u reverse Fourier → F⃗ = G−1 ∗ u⃗

4 Polar coordinates

Ajinka Ghagre et al (doi: https://doi.org/10.1021/acsam.1c02987 ) managed to write a Matlab
script that performs this transformations in Cartesian coordinates. They simulate a square grid which
starts with the initial area and shrinks isotropic into a smaller square grid after deformation. Thus
allowing them to calculate the exerted force on the underlying substrate and therefore the strain energy

U =
1

2

∫
f⃗ · u⃗ dA (30)

As in this case we loose all information about the real force and displacement field, we thought about
switching from a Cartesian system into a polar system. This would reduce the needed parameters from
2 (x and y) in Cartesian to 1 (r) in polar.
To know whether we can simply transform our Green tensor, we want to derive equation 11 by assuming
polar coordinates from the very beginning.
In our case we want to use cylindrical coordinates as we are going to solve our equation solely in the
x-y-plane (or now in the r-φ-plane). For this we have:

x = r · cos(φ)
y = r · sin(φ)
z = z

5



And for the derivatives we find:

∂r

∂x
= cos(φ)

∂r

∂y
= sin(φ)

∂φ

∂x
= −1

r
sin(φ)

∂φ

∂y
=

1

r
cos(φ)

This leads us to the following relations:

∂

∂x
=
∂r

∂x

∂

∂r
+
∂φ

∂x

∂

∂φ
= cos(φ)

∂

∂r
− sin(φ)

r

∂

∂φ

∂

∂y
=
∂r

∂y

∂

∂r
+
∂φ

∂y

∂

∂φ
= sin(φ)

∂

∂r
+
cos(φ)

r

∂

∂φ

(31)

We also want to display our displacement vector u⃗ in those polar coordinates- Looking at FIgure S1
leads us to:

ux = urcos(φ)− uφsin(φ)

uy = ursin(φ) + uφcos(φ)

uz = uz

Figure S1: Visual display of the displacement vector in polar coordinates

Our strain tensor in cylindrical coordinates should therefore look as follows: urr urφ urz
uφr uφφ uφz

uzr uzφ uzz

 =

 cos(φ) sin(φ) 0
−sin(φ) cos(φ) 0

0 0 1

 uxx uxy uxz
uyx uyy uyz
uzx uzy uzz

 cos(φ) −sin(φ) 0
sin(φ) cos(φ) 0

0 0 1


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If we now put in all we know already, our tensor elements become:

urr = uxx · cos(φ)2 + uyy · sin(φ)2 + uxy · sin(2φ)
uφφ = uxx · sin(φ)2 + uyy · cos(φ)2 − uxy · sin(2φ)
uzz = uzz

urφ = (uyy − uxx) · cos(φ)sin(φ) + uxy · (cos(φ)2 − sin(φ)2)

urz = uzx · cos(φ) + uzy · sin(φ)
uzφ = −uzx · sin(φ) + uzy · cos(φ)

Taking now together everything we know from equation (7) and (31), we obtain:

urr =
∂ur
∂r

uφφ =
1

r

∂uφ
∂φ

+
ur
r

uzz =
∂uz
∂z

urφ =
1

2

(
1

r

∂ur
∂φ

+
∂uφ
∂r

− uφ
r

)
urz =

1

2

(
∂ur
∂z

+
∂uz
∂r

)
uzφ =

1

2

(
1

r

∂uz
∂φ

+
∂uφ
∂z

)

(32)

Using Hook’s law:

σij =
E

(1 + σ)

(
uij +

σ

(1− 2σ)
ukkδij

)
(33)

The definitions of ∇ and ∆ in polar coordinates:

∇⃗ = e⃗r
∂

∂r
+

1

r
e⃗φ

∂

∂φ
+ e⃗z

∂

∂z

∆ = ∇⃗ · ∇⃗
(34)

and knowing that at equilibrium we have:

∇⃗ · σStress Tensor = 0 (35)

we can put everything together and see, that we still end up with our PDE from above (10):

(1− 2σ)∆u⃗+ ∇⃗
(
∇⃗ · u⃗

)
= 0

This means, we can solve our equation regardless of the choice of our coordinate system, which means,
that one can solve the PDE as described above and transform our solution (Green Tensor) according
to the designated coordinate system.
In our case we transformed the Green tensor into polar coordinates (r, φ):

Gpolar =
1 + σ

πEr

(
(1− σ) + σ 0

0 (1− σ)

)
| assuming φ = 0 (36)

We also have to transform our displacement vector u⃗ into polar coordinates (r, φ):

u⃗(r, φ) =

(
r′ − r

0

)
(37)

7



Now we have to transform both of them with the following Fourier Transformation:

Yp+1,q+1 =

N−1∑
j=0

M−1∑
k=0

(
e−

2πi
N

)jp
·
(
e−

2πi
M

)kq
·Xj+1,k+1 (38)

Where Y denotes the Fourier transformed variable, X the original variable, N and M the dimensions
of the Matrix respectively.
In our case we have a 2× 2 Matrix Gpolar and a 2-dimensional vector u⃗ which plugged in in equation
(38) results in:

Ĝpolar =
1 + σ

πEr

(
2(1− σ) + σ σ

σ 2(1− σ) + σ

)
(39)

↓ Inverting

Ĝ−1
polar =

πEr

(1 + σ)[(2(1− σ) + σ)2 − σ2]

(
2(1− σ) + σ −σ

−σ 2(1− σ) + σ

)
(40)

ˆ⃗u = (r′ − r)

(
1
1

)
(41)

Following our idea earlier on, we can now compute the force
ˆ⃗
F and afterwards perform a reverse Fourier

transformation.
ˆ⃗
F =

2πEr(r′ − r)2(1− σ)

(1 + σ)[(2(1− σ) + σ)2 − σ2]

(
1
1

)
(42)

Using the formula for the reverse Fourier Transformation:

Xp,q =
1

M

m∑
j=1

1

N

N∑
k=1

(
e−

2πi
M

)(j−1)(p−1) (
e−

2πi
N

)(k−1)(q−1)

Yj,k (43)

We get:

F⃗ =
2πEr(r′ − r)2(1− σ)

(1 + σ)[(2(1− σ) + σ)2 − σ2]

(
1
0

)
(44)

5 Strain energy and pattern area

The compute the strain energy, we need the force applied to the substrate per unit of area and the
displacement field as described in equation (30) . By dividing our force F⃗ by the area of the change

π(r′ − r)2, we obtain the needed force f⃗ . This results in the following integral:

U =
1

2

∫
f⃗ · u⃗ dA =

1

2

∫
2

E(1− σ)

(1 + σ)[(2(1− σ) + σ)2 − σ2]︸ ︷︷ ︸
:=a

·r dA (45)

Solving this integral leads us to the following:

U = a

∫ ri

r′

∫ 2π

0

r2drdφ =
2πa

3

(
r3i − r′3

)
| A =

r2

π
(46)

=
2πa

3

((
Ai

π

) 3
2

−
(
A′

π

) 3
2

)
(47)
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If we now consider that we reduced our problem to a 1D problem only depending on the radius r, we
need to divide this Energy by 2π, leaving us with the final expression:

Ufinal =
a

3

((
Ai

π

) 3
2

−
(
A′

π

) 3
2

)
(48)

6 Comparison between polar and Cartesian

To check whether our way of calculating the strain energy aligns with the ones from Gharge et al, we
plugged in the same set of data for all three algorithms. The results can be seen in Figure S2 and S3.

Especially Figure S3 shows that our way of calculating the strain energy aligns well with the other
two. Having a closer look to the values at greater deformation one could also say that our way of
calculating the strain energy aligns better with the Cartesian solution of Gharge et al. than their
simplified version.

Since both ways (simplified and Cartesian) were proven to fit the experimental datasets, we conclude
that our solution does as well fit the data and might well be used to calculate the strain energy in cells
deforming an underlying soft pattern.
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Figure S2: Comparison between the three approaches on calculating the strain energy. (RED) sim-
plified version, (YELLOW) Fourier transformation of mesh-grid in Cartesian coordinates. (BLUE)
transformation of Green Tensor in polar coordinates. For all three cases the assumption was ”small
deformations”
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Figure S3: Comparison between the three approaches on calculating the strain Energy, showing only
small deformations in the range lower than 15% (RED) simplified version, (YELLOW) Fourier trans-
formation of mesh-grid in Cartesian coordinates. (BLUE) transformation of Green Tensor in polar
coordinates. For all three cases the assumption was ”small deformations”.
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